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Abstract 

It is shown that there exists an isomorphism between q-oscillator systems co- 
variant under SU q (n) and SU q -i(n). By the isomorphism, the defining relations of 
SU q -i(n) covariant q-oscillator system are transmuted into those of SU q {n). It is 
also shown that the similar isomorphism exists for the system of q-oscillators covari- 
ant under the quantum supergroup SU q (n/m). Furthermore the cases of q-deformed 
Lie (super)algebras constructed from covariant q-oscillator systems are considered. 
The isomorphisms between q-deformed Lie (super) algebras can not obtained by the 
direct generalization of the one for covariant q-oscillator systems. 
PACS 02.20.Tw, 02.20.Qs 
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Since the discovery of quantum deformation (the so-called q-deformation) of Lie groups 
and Lie algebras [1-5], many q-deformed objects have been introduced. We can mention 
q-deformed hyperplane ||, differential forms and derivatives on q-deformed hyperplane 
0, q-(super)oscillators [§, [J], q-deformed covariant oscillator systems [10-13] and their 
generalization |TJJ], q-symplecton |T2|, [T5|], reflection equation algebras |TjJ, and so on. 
Almost all of these objects are essentially defined by the same algebraic structure, that is, 



Zamolodchikov-Faddeev algebra |17j or quantum group tensor |1£|. However the relation- 
ship between q-deformed objects defined for different values of the deformation parameter 
q is unclear. This problem has been discussed for the q-oscillator H q = {a,a~f,iV} and 
found that the central element of H q plays a crucial role. Assuming that the element N 
and the central element are independent of q, Chaichian et al. derived the formula which 
transforms the elements of H qi to the corresponding ones of H q2 |19| . Without such as- 



sumption, the present author found the one-to-one correspondence between the elements 



of H q and H q -i which transmute the defining relations of H q -i into those of H q [20]. The 
elements of H q -i can be expressed in terms of those of H q , therefore, we can say that the 
algebra H q is invariant under the replacement q <-> q^ 1 . In mathematical language, H q is 
isomorphic to H q -i. 

In this article, it is shown that there exists an isomorphism between q-oscillator sys- 
tems which are covariant under SU q (n) and SU q -i(n). By the isomorphism, the defining 
relations of SU q -i(n) covariant q-oscillator system are transmuted into those of SU q (n). It 
is also shown that the similar isomorphism exists for the system of q-oscillators covariant 
under the quantum supergroup SU q {n/m). Furthermore q-deformed Lie (super) algebras 
constructed from covariant q-oscillator systems are considered. They are also covari- 
ant under the coaction of SU q (n) and SU q (n/m) . It is shown that, unfortunately, the 
isomorphisms between covariant q-oscillator systems are not applicable to establish the 
isomorphisms between q-deformed Lie (super) algebras. 

We start with the SU q (n) covariant q-oscillator system A q . It is generated by 2n 
generators {A iy A\, i = 1, • • • n) and they satisfy the following defining relations [It], [II], 

A{Aj = qAjAi, A\Aj = q 1 AjA i , % < j 

Ai A] = qA]A h (1) 

AA\ - q 2 A\Ai = 1 + (q 2 - 1) £ A{A k . 

k=l 

Throughout this article, we assume to be q 6 R, q > 1. The *-antiinvolution is introduced 



2 



by 

(A)* = A}, (A\y = A. (2) 

The q-annihilation operators and the q-creation operators are covariant and contravariant 
tensors of rank 1 under the coaction of SU q (n), respectively. It means that the transfor- 
mations 

n 

Ai — > A\ = 2J Uj Aj, 

k=l 
n 

A\ — ► A\' = ^2 t*j Aj, (3) 

k=l 

preserve the defining relations of A q (|1|). Here we denote the generators of SU q {n) by 
T = (tij) in matrix form and assume that commute with all the generators of A q . The 
commutation relations of are written using the R-matrix 

RT ®T = T ®T R, (4) 

the R-matrix is given by 

n 

R = q Y eii ® €ii + Y e a ® e n + (q- <r 1 ) Y e ^ ® e i*' ( 5 ) 

i=l i^j i>j 

where is the n x n matrix with entry 1 at position and elsewhere. The *- 

antiinvolution is defined by 

T* = (t*i), T*T = TT* = I, 

where / is the nxn unit matrix. The quantum determinant, which is the central element 
of GL q (n), is defined by det q T = i~o) h a(i) • • •t na (n)i where 1(a) is the minimal 
number of inversions in the permutation a. We set det q T = 1. 

We also define the SU q -i covariant q-oscillator system A q -i by replacing q with q^ 1 . 
in ([!]). They form rank 1 tensors under the coaction of SU q -i. We denote q-deformed 
objects defined for q~ l by attaching bar on their elements, e.g. A q -i = {Ai,A^i}. Our 
aim is to establish a relationship between A q and A q -i. It should be noted that the 
trivial relation Ai = Ai, = A\ is prevented, since it concludes an unacceptable results 
~, AiAj = 0, etc. 

It is possible to relate the elements of A q and A g -i so that the covariant q-oscillator 
system is invariant under q «-> q^ 1 . We prove the following statement. 
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There exists an isomorphism ip : A q — > A g -i such that ip transmutes the defining 
relations of A q -i into those of A q . The explicit formulae are given by 

A t = r^rr 1 ^, Ah = a^y- 1 (6) 

where 



r = i. (7) 

{Sketch of Proof) 

Using the properties of Tj, we can prove the statement by direct calculations. Note 
that, using ([!]), Yi (i 7^ 0) is rewritten as 



\ 



i + (? 2 -i)E44 



k=l 



Yi is not affected by the *-antiinvolution ; Y* = ry From these facts, we obtain the useful 
relations 

[r,,r,]=o, 

A l Y j = qYjAi, A\Y, = q'^At, i < j (9) 
[Ai,Yj] = [Al,Yj] = 0. z>j 

As an illustration, we take the last relation in (JI|) 

A\AU - q- 2 AUAi = 1 + (q~ 2 - 1) ^ At fc A fc . (10) 

k=l 

Substituting into (liTf) and multiplying rViTj from both left and right, we obtain 

AA\ - a\a, = Yltf {i - (g 2 - 1) E r*V* 2 4^}- (11) 

fc=l 

Here the properties of Tj @ were used. Because of the identity 

- (q 2 - 1) E A\A k ] = 1, (12) 

fc=l 



11) reads 



AjAj — A\Ai — Y 2 



1 + (Q 2 ~ 1) E 4^- 



fc=i 



Rearranging A\Ai, we obtain the last relation in ([!]). 

The identity ([12]) is proved by mathematical induction. For i — 1, the left hand side 
of (|12|) reads 

r?{i-(g 2 -i)r r 2 AUi} 
= r 2 r r 2 {r 2 -(g 2 -i)4A} 

= 1. 



Assuming that ( |12|) is valid for Tj, consider the case for r i+1 



r| +1 {i - (q 2 - 1) E WaU} 

fc=i 

= r 2 +1 {rr 2 - ( g 2 - 1) r^r^l^+a} 
= r- 2 {r 2 +1 - ( q 2 - 1) 4+iA+i} 
= r- 2 r 2 = i. 

The identity (JT2j) has been proved. 

From (H), it is obvious that ^ is a one-to-one correspondence. In order to show that 
(p is an isomorphism, let us consider if' : A q -i — > A q defined by 

Ai = T i } 1 T i 1 A i , A i = AtjF-j^fj 1 , 

and show that (p o (p' = tp' o (p — 1. To this end, it is enough to note the relation 



[A, A^i 



rr 2 i rr 2 (A l 4 - q 2 A\Ai) 

= IT 1 . 

Therefore the statement has been proved. 

It is emphasized that, in the limit of q — > 1, the both hand sides of @ are reduced to 
the same bosonic oscillators. 

Let us next consider the q-deformed Lie algebra u q (n) which is constructed from A q . 
As in the limit of q — > 1, the bilinear forms of q-creation and q-annihilation operators can 
define u q (n), 

E l3 = A\Aj, E*- = Eji (13) 
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The commutation relations among Ei/s are obtained by using (|1|). In terms of the R- 
matrix, ([[]) is rewritten as follows, 



AjAi = q R ijjk iA k Ai 

kl 

A)A\ = q- 1 ^ Rk hij A\A\ (14) 

kl 

AjA\ = 5ij + q$2 Ru,kjA{Ai 
ki 

The commutation relations of u q (n) are given by 

1 Rt ab^u R ap,cd R cf,ea E ef E db 

abcdef 

~ Q 1 RiMa,bcRcd,euRf e ,p(T E fd.Eba 

abcdef 

= qYI Rt ab,^ pu E ab - q~ x R a \pJ^ E ab (15) 

ab ab 

~ Q Rab^vRca^o-Ecb 
abc 

where t\ means the transposition in the first space and u = q — q' 1 . This complicated 
relations are reduced to the usual commutation relations of u{n) in the limit of q — > 1 

\E E 1 = 5 E - 5 E 

since the R-matrix is reduced to the unit matrix : Rij^ki 8ik$jl- From now on we adopt 
the equation fll5[) as the defining relation of u q (n) without the aid of covariant q-oscillator 
realization ([13]). The Hopf algebra structure for this u q {n) is still an open problem. 

The algebra u q (n) forms the SU q (n) tensor of rank (1,1), that is, the relation (Jl5|) is 
preserved by the transformation 

E a - 4 = EW' (16) 

kl 

This can be proved by direct calculation using the properties of the R-matrix i.e. (|J), 
Yang-Baxter equation and Rij^i = Rikji- 

We expect that u q -i(n) is isomorphic to u q (n) and the isomorphism is given by 

E l3 = q''Y, Y ; '/•:„, i < j 

En = q^YfEu (17) 
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where Eij denotes the element of u q -i(n). However it does not hold except the case of 
n = 2. In order to show it, let us first consider the case of n = 2. For n — 2, (|Tj|) is 
reduced to 

[E n ,E 22 ] = 0, 

E\\E\i — q 2 Ei 2 En = E12, [E 22 , -B12] = —Ei 2 — (q 2 — l)Ei 2 En, (18) 
q 2 E 12 E 21 — E 21 E 12 = (q 2 — 1)^1 + ^11 — -^22, 

and Tj {i = 1, 2) are restricted to the second expression in eq.(||) 



Tx = ^l+ (g 2 - l)E n , r 2 = y/1 + (g 2 - l)(^ u + E 22 ). (19) 

It is easy to see that En + E 22 is a central element of this algebra, therefore, T 2 is also a 
central element. The non-trivial commutation relations are given by 

V 1 E 12 = qE l2 T u T 2 E 2l = q^E^Tv (20) 

It is proved by direct calculation that the isomorphism between u q (2) and u q -i(2) is given 
by eq . ([17|) . Here, we give only one example, the last relation of (|19^) 

q~ 2 E l2 E 2l - E 21 E 12 = (q- 2 - 1)E 2 U + E n - E 22 . (21) 

After substituting ( ]T7| ) into (2~I), we can arrange Tj to the left of E^i by making use of 



r\ 2 r 2 2 (<l 2 Ei 2 E 21 — Ei 2 E 21 ) = (1 — g 2 )T x 2 £ ,2 1 + En — r 2 2 -E , 22, 

where we dropped the common factor T{ 2 . Multiplying r 2 r 2 from the left, we obtain the 
last equation of ([19]). Furthermore because of (pp, 

r 1 = \ r 2 = r 2 , 

hold. Therefore the isomorphism between u q (2) and u q -i(2) has been proved. 

n 

On the other hand, for n > 3, V] ^ is no longer a central element, so that the 

8=1 

commutation relation between and £?jj.ji becomes quite complicated and the mechanism 
which makes u q (2) be isomorphic to u q -i(2), namely arranging Tj to the left of Ef-i, does 
not work. Therefore eq.(|T^) does not give the isomorphism between u q (n) and u q -i(n) 
for n > 3. 

The isomorphisms discussed here can be generalized to the SU q (n/m) covariant q- 
oscillator system B q which is generated by 2n even generators {Ai, A\, % = 1, 2, ■ • • , n} 



and 2m odd generators {B r ,Bl, r = 1,2, ■■■,m}. The *-antiinvolution of a generator 
without dagger gives the corresponding one with dagger and vice versa. The 2(n + m) 
generators satisfy the following defining relations [ITT 



A{Aj — qAjAi, % < j 

AiA) = qA]Ai, i ^ j 

A t A\ - q 2 A\A t = 1 + (q 2 - 1) £ A\A k , 

k=l 

AiB r = qB r A h AiBl = qBlA, (22) 
B r B s = —qB s B r , r < s 

B r B\ = -qB\B r , r £ s 

n r— 1 

B r B\ + B\B r = 1 + (q 2 - 1) 4A k + (q 2 - 1) £ B\B s , 

k=X s=l 

B 2 = {Blf = 0, 

and their *-involution. The algebra B q forms a rank 1 tensor of SU q (n/m) . We assume 
that even generators B q commute with all of SU q (n/m) , odd generators of B q commute 
with even ones of SU q (n/m) , while they anticommute with odd ones of SU q (n/m) . The 
coaction of SU q {n/m) on B q is defined by 

n+m 

3=1 
n+m 

at - oi'= £ (-y^^t^a}, (23) 

where Uj G SU q {n/m) and we introduced the unified notations for B q 

cti = Ai for 1 < i < n, oi i+n = B { (1 < i < m). etc. 

And p(a) denotes the parity of operator a, namely p(a) = 1 for odd a, p(a) = for even 
a. 

The R-matrix for SU q (n/m) is given by || 

n+m 

R = Yl 9 1_2p(i) eu ® en + 2 e« ® e# + ^ 5Z % ® e ^ ( 24 ) 

where p(i) denotes the parity of % th basis vector. We prove the following relationship 
between B q and B q -i. 
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There exists an isomorphism ip : B q — > B q -i such that <p transmutes the defining 
relations of B q -i into those of B q . The explicit formulae are given by 

B r = A^A^Br, Bt r = BjA^A^ 1 , (25) 

where 



r, = v/[A,4L r = i, 



A r = V B r Bt + q 2 B$B r , A = T n . (26) 

(Sketch of Proof) 

As in the case of SU q (n) covariant q-oscillator, the statement can be proved by direct 
calculations using the commutation relations among Tj, A r and the generators of B q . 
Because of the last relation of eq.(p2"D, A r (r ^ 0) can be rewritten as 



A, = {1 + (q 2 - 1) E 4Ak + (q 2 - 1) E B\B s y'\ (27) 

k=l 8=1 

The *-antiinvolution does not change A r ; A* = A r . Following useful relations can be 
shown easily 

[r i; A r ] = [A r ,A a ] =0, 

[B r ,r i ] = [Bt,r i ] = o, 

AiA r = qA r Ai, AjA r = q~ l A r A\, (28) 
[B r ,A s ] = [Bl,A s ] = 0, for s<r 



B r A s = qA s B r , BlA s = q~ l A s Bl, for s> 



r 



It is not difficult to prove the statement using these relations together with eq.@. As 
a showcase, we consider the last relation of eq.(^). Again, we denote the generators of 
B q -i by the operators with bar. 

n r— 1 

B r B\ + B\B T = 1 + (g~ 2 - 1) E A{A k + (g~ 2 - 1) E B\B.. (29) 

k=l s=l 



7—1 



We substitute (|25| ) into (|29|), then using (g) and ( pB"D we obtain 

= A?-iA?{l - (g 2 - 1) E rf^TfAlA, - (g 2 - 1) £ A^Aj^B.} 



fc=l s=l 
r-1 



A?_!A?{r- a - (g 2 - 1) E K 2 iK 2 BtB s }. (30) 



s=l 



The relation ([12]) was used to derive the last line. As is shown later, an analogous identity 
to ([12]) holds 

A 2 {T; 2 - (q 2 -1)E AiLV^BjB.} = 1- (31) 

s=l 

Because of this identity, (|3~0"D can be rewritten 

B r B\ + g 2 ^. 

= i + (? 2 -i)E 4^ + (? 2 -i)E sjs.. 

fc=l 5 = 1 

Rearranging B^B r , we obtain the last relation of 

The identity ( |3T1) is proved by mathematical induction. For r = 1, the left hand side 
of ( |3T1) reads 

A?{r; 2 - (g 2 - i)Ar 2 A ^I^i} 

= r; 2 {A 2 - (g 2 - 

By definition of Ai, it is obviously reduced to unity. Assuming that (|31|) is valid for A r , 
consider the case of A r+1 

A r 2 +1 {r; 2 - (g 2 - 1) £ K\K 2 b\b s } 

s=l 

= A 2 +1 {A; 2 - (q 2 - l)A r - 2 A r - + 2 1 4 +1J B r+1 } 
= A; 2 {A 2 +1 -(q 2 -l)Bt +1 B r+1 } 
= 1. 

Therefore the identity (|31~]) has been proved. 

It can be easily seen that the map (ft : B q -i — > B q defined by 

M = f { \T i 1 A i , a\ = A\v i \T i 1 

B r = A^A; 1 ^, Bl = BtA;\A;\ (32) 

is the inverse map of ip, because of the relation 

A r = A; 1 . (33) 
This completes the proof of the statement. 
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It is natural to extend the isomorphism to the q-deformed Lie superalgebra u q (n/m) 
constructed from B q . As in the case of u q (n), trivial extension is not valid against our 
expectation. Let us show it in the simplest case u q (l/l). [[LJ]] The generators of u q (l/l) 
are constructed by 

Q = A^B, Q ] = B^A, X = A^A, Y = B ] B. (34) 
They satisfy the following commutation relations 

Q 2 = 0, 

g W + q~ 2 Q^Q = X + q- 2 Y + (q 2 - 1)X 2 , 

XQ - q 2 QX = Q, (35) 

YQ = 0, q 2 QY = Q + (q 2 - 1)XQ, 

[X,Y} = 0, 

and their *-involution. We regard (|3"5] ) as the defining relations of u q (l/l) without the 
aid of (j3"l"|) . According to fl3~j|), we expect that u q -i is isomorphic to u q (l/l) and the 
isomorphism is given by 

Q = q^A^Q, t = q 3 Q j T- 2 A-\ 

X = q 2 T- 2 X, Y = q 2 T- 2 A- 2 Y, (36) 

where 

T = y/l + (q*-l)X, A = y/l + (q*-l)(X + Y). (37) 
As an example, we consider the second equation of (|35|) 

q- 2 QQi + q 2 Q^Q = X + q 2 Y + (q~ 2 - 1)X 2 . 

Substituting (^) into this equation and multiplying q~ 2 T 2 A 2 from the left, we obtain 

q 2 (QQi + Q^Q) = X + (q 2 — 1)X 2 + q 2 Y + (q 4 - 1)17. 

The correct equation can not be derived unless the relation 

q 2 XY + Y - Q'Q = 0, (38) 

holds. However eq.(^) does not hold without the aid of the covariant q-oscillator real- 
ization fl3"l|). Therefore we have shown that ( |36|) does not give the isomorphism between 
u q (l/l) and u g -x(l/l). 
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In this article, we have shown that, in the case of SU q (n) and SU q (n/m) , the covariant 
q-oscillator systems defined for q are isomorphic to the ones for q^ 1 . The final goal of 
investigation along the line presented here is to establish relationships between all kinds 
of q-deformed objects defined for q and q^ 1 . This is not a easy but a challenging problem. 
As has seen in the case of q-deformed Lie algebra, the established isomorphism between 
covariant q-oscillators can not be generalized directly to other q-deformed objects. For 
the q-deformed Lie algebras, we will have to reanalyze the isomorphism based on the 
structure of the algebra itself without the aid of covariant q-oscillator realizations. We 
can mention an another example, namely extended covariant q-oscillator system. It is 
an algebra which consist of some copies of a covariant q-oscillator system. The mutual 
relationships among various copies should also be covariant under the quantum group 
coaction. This requirement concludes that generators of a covariant q-oscillator system 
do not commute with their copies, and the commutation relations among various copies 
becomes non-trivial. For example, commutation relations between SU q (n) covariant q- 
oscillator system A q = {A4, A\} and its copy {D i} Dj} are given, in terms of the R-matrix, 



by [12 



DjAi = qJ2 RijMA k D u A)D\ = qJ2 R hi,ijDtAj, 

kl kl 

AjD\ = qY, Ril,kMA, D,A\ = q^ R tl ,kA D i- (39) 

kl kl 

It can be easily verified that (§) does not give the isomorphism between this extended 
A q and the one defined for although we do not give the proof here. This is due to 
the additional structure given by (|39"D, we have to take it into consideration if we wish to 
establish the isomorphism. 

One of the most important problem concerning the isomorphism discussed here is the 
relationships between quantum groups defined for q and g -1 , e.g. SU q {n) and SU q -i(n). 
Unfortunately, the result of the present article seems not to be applicable to the problem. 
It will be a future work. 
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